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JORDAN DOMAINS AND
THE UNIVERSAL TEICHMULLER SPACE
BY
BARBARA BROWN FLINN'

ABSTRACT. Let L denote the lower half plane and let B(L) denote the Banach space
of analytic functions f in L with || f||, < oo, where || ]|, is the suprenum over z € L
of the values |f(z)|(Im z)2. The universal Teichmiiller space, T, is the subset of
B( L) consisting of the Schwarzian derivatives of conformal mappings of L which
have quasiconformal extensions to the extended plane. We denote by J the set

{S;: fis conformal in L and f( L) is a Jordan domain},

which is a subset of B(L) contained in the Schwarzian space S. In showing
§ — T+ @, Gehring actually proves § —J # &. We give an example which
demonstrates that J — T #* &.

1. Introduction. If D is a simply connected domain of hyperbolic type in C, then
the hyperbolic metric in D is given by

2|g'(z
op(2) = lg'( )12, €D,
1 —lg(2)]
where g is any conformal mapping of D onto the unit disk A = {z: |z|< 1}. If fis a
locally univalent meromorphic function in D, the Schwarzian derivative of f is given

by
"\ o\ 2
(545
f 2\ f
at finite points of D which are not poles of /. The definition of S, is extended to all

of D by means of inversions. We let B(D) denote the Banach space of Schwarzian
derivatives of all such functions f in a fixed domain D for which the norm

IS, = sup |/ (2)len(2)”

is finite.
In the case that D is the lower half plane L = {z: Im z < 0} certain subsets of
B( L) are of special interest. We let

S = {S;: fis conformal in L},

Received by the editors February 16, 1983. The contents of this paper were presented by the author on
November 13, 1982, at the Special Session on Complex Analysis of the AMS East Lansing Meeting.

1980 Mathematics Subject Classification. Primary 30C60, 32G1S; Secondary 30C35.

Key words and phrases. Schwarzian derivative, quasicircle, universal Teichmiiller space.

!The author gratefully acknowledges support from the National Science Foundation.

©1984 American Mathematical Society
0002-9947 /84 $1.00 + $.25 per page

603



604 B. B. FLINN

J = {Sf € S: f(L) is a Jordan domain},
T = {S,€ S: 3f(L) is a quasicircle} .

T is called the universal Teichmiiller space: it is known that T is open, S is closed
and T = Int(S) (see [1, 3)).

In [4], Gehring shows S — T # @, but his proof actually gives S —J # @. We
will show thatJ — T # @.

We recall the key result and construction in [4]. Let a > 0, and set

B={xiet“""": 1€ (-00,00)} U {0,00},
y=B8NA, D=C—y.
THEOREM 1 (GEHRING). If a € (0, 1/8), then there exists § = 8(a) > 0 such that
if f is conformal in D with ||S;||« < 8, then 3f(D) is not a quasicircle.

That S — T # @ is an immediate corollary of Theorem 1 and the transformation
law for the Schwarzian derivative, S;., = (S,° g)g? + S,, which implies
170 ¢ = Sgll = 1S/ ll g 1)- Now let g be a conformal mapping of L onto D and let A
be a conformal mapping of L with ||S, — S,||, <§; thenf=ho g~! is a conformal
mapping of ) with |||l < &. By Theorem 1, 3f(D) = dh(L) is not a quasicircle;
consequently, S, & T and S, € S — T.

The crux of Gehring’s argument is showing if ||S/|l, <&, and if 0, j = 1.2,
denotes the component of ) — B containing a;, where

a, = (e 1€ (0,00)}, a,={-z:z Ea},

then the mappings f| GDj have the same limit as z tends to 0 on «;. Thus f(°D) is not
even a Jordan domain, and it follows that S —J # &. For what remains, we fix
a € (0,1/8) and so fix v, D, a; and a,. Our aim is to establish the following result.

THEOREM 2. There exists a Jordan domain D and a constant d = d(a) > 0 such that
if f is conformal in D and ||S|| , < d then 3f(D) is not a quasicircle.

COROLLARY.J — T # @.

The Corollary follows from Theorem 2 in the same manner that S — T # @
follows from Theorem 1.

We construct a candidate Jordan domain D whose boundary consists of a line
with a countable number of spiral-like wrinkles in it: the wrinkles are Jordan arcs
resembling y. We show how to find the appropriate value of 4 using methods like
those in [4], but the proof that D and d satisfy Theorem 2 requires a different
argument. In this case, 9f(D) may be a Jordan curve for S|, <d, so we use
normal families and a geometric characterization of quasicircles to show that 3f(D)
is not a quasicircle.

2. Construction of the candidate domain. It is simplest to describe D by giving its
complement. For this, we first construct a sequence of closed Jordan regions E,, with
ADE ,DE,D -+ and N¥_,E, = v, and then attach a translation of each E,, to
the closed half plane H = {x + iy: y < -1} U {o0}. More precisely, let 6,, = (7/8)",
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7, =e ™" andset E, = R, U P, where

m
P,={ez:z€y,-0,<0<0,} U {z:|z|]<7,]},

R, = {x +iy: |x|<sing,, -1 <y < —cosom} —A.

m

Let ¥ denote the translation V(z) = z + 8 and set
o]
D=C—-|HU U V"(E,)]|.
m=1
To see that 9D is a Jordan curve, we note that y,, = 0D N {x + iy: -4 <x — 8m
< 4} is a half-open Jordan arc from -4 + 8m to 4 + 8m form = 1,2,..., and that
9D may be written as the union of pairwise disjoint components,

oC
D= U v, U(-,4) U {o0}.
m=1
Another way to see that 9D is a simple, closed curve in C is to consider its image
under the Mobius transformation z — (z + 2i)™".

Throughout the proof of Theorem 2 we will refer to a sequence of domains D,,

with D, C V~"(D). Let A denote the open region
A={x+iy:iy>1} U {x+iy:|x|]<4, -1<y<1}
and set
D,=A—FE,, m=1,2,..., D_=A4—y.
Note that D,, C D, for all m and U%_ D, = D, = A N ). For each m, includ-
ing m = oo, and forj = 1,2, we let D,, ; denote the component of D, — I' contain-
ing D, N a; where I' = {iy: y > 1}.

Crucial to our argument is the fact that 9D, ; is a K,-quasicircle for some fixed
K, = Ky(a) € (1, o) and for all values of m and j. We sketch the proof of this fact:
the idea is to find, for each m, a K{-quasiconformal mapping F, of C which maps
D, ,onto A N {z: Rez <0}. A similar construction yields a quasiconformal map-
ping G, of C with G,(D,;)=AN{z: Rez>0} and K(G,) <(a + 2/a)’K;,.
Both 4 N {z: Rez <0} and 4 N {z: Rez > 0} are K-quasidisks for some finite K,
so our claim is established with K, = K - K, - (a + 2/a)*.

The mappings F,, are compositions of three basic types of mappings, each of
which is the identity mapping outside either a disk or a rectangle. First consider the
(a + 2/a)-quasiconformal mapping 4, of C which fixes 0 and oo and satisfies

h(re) = ree’®1en  r e (0, 0)

(see [4]). We use h}' to define an (a + 2/a)-quasiconformal mapping 4 of C which
fixes every point outside A; namely,

z, z&A,
h(z) = {h;'(z), zE€A.

We may take G, = F,, = h, and although we must continue for finite m our task is
simplified because 4(D,, ,) is bounded by circular arcs and line segments.
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The second function we use is a composition of the “quasiconformal foldings”
described in [6, Lemma 13). Briefly, if r >0 and 8 € (0,7), f[r.0; ¢] is a
m/(m — 0)-quasiconformal mapping of C which maps the arc {re’¥: ¢ € [¢p —
0/2, ¢ + 6/2]} onto the line segment with the same endpoints, and fixes every point
outside the disk whose boundary is orthogonal to {z: |z|= r} at those endpoints.
More precisely, f[r, 8; ¢] is the conjugation by a Mobius transformation of the
mapping F which fixes 0 and oo and satisfies F(re'¥) = re’*¥ for r >0 and
Y € [-7/2,37/2]. We define g to be the continuous function which is linear on each
of the intervals [-7/2,7/2), [7/2, 7], [7,37/2] and satisfies g(-w/2) = -7w/2,
g(n/2)y=m/2,g(w)=a — 0/2and g(37/2) = 37/2. We set

fu=flr.0: 9] f[r.0: -]
where r = 774 6 = (7 — 20,,)/2 and ¢ = (37 + 20,,)/4. Note that K( f,)) < 4 for
all m.

The third type of mapping is guaranteed by the lemma below: it fixes every point
outside a rectangle and maps a cross-cut of the rectangle onto the segment with the
same endpoints.

LEMMA 1. Let 0 <y, <y,, a € (0, 7/2), and suppose f: [x,, x5] = [y, »,] is a
piecewise differentiable function with f(x,) = f(x,) = y, and, for all x, x' € [x,, x,],

[f(x) = f(x)

Then there exists a (1 + k)/(1 — k)-quasiconformal mapping g of C which maps

every vertical line onto itself, fixes every point outside R = {x + iy: x, < x < x,,
0 <y <y, + )}, and satisfies g(x + if(x)) = x + iy, for x € (x,, x,), where

2\ 172
k:(,___“_(&)) _
4 + tana \ N

PROOF. An easy check shows the mapping g defined by

<|x — x'[ tan a.

x + iy, x+iy &R,
g(x+iy) = x+i(yl+y2y_—f(x)), x+iy ER,y=f(x),
oty —f(x)

x+iyy,/f(x), x+iy€R,y<f(x),

is a homeomorphism of C fixing each point of C — R, mapping vertical lines onto
themselves, and satisfying g(x + if(x)) = x + iy,. One also computes that g is ACL
in C with | g:|< k| g.| almost everywhere.
We define g, to be a mapping of the type in Lemma 1 which takes
{ire’*»: 1 — 2sin(0,/2) <r<1} U {ie®:0<0<o,}
onto the segment from i(1 — 2sin(o,,/2))e’" to i. Finally, we set

m

—_ — -1
m_wmogmomoh' m—rOFOh °roh,

where r denotes reflection in the imaginary axis and w,, denotes another mapping of
the type in Lemma 1. We take w,, to fix every point outside [-2, 1] X [-3, 1], to map
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horizontal lines onto themselves, and to take the arc of 4 N d(g,, ° f, ° A(D,,,))
from —i — sing,, to i onto the line segment from —i to i. The definitions of 7,, and o,,
give uniform bonds for the dilatations of g,, and w,; therefore, we obtain a uniform
bound, K{(a), for K(F,). Thus, by the definition of G,,, K(G,,) < (a + 2/a)*K((a),
and our claim is established.

REMARK. Since 9D, ; is a K(a)-quasicircle for all m and j, we are guaranteed the
existence of d, = d,(a) > 0 such that the following holds for every m (see Lemma 6
of [4]). If f is a conformal mapping of D, and if ||S/|| < d,, then for j = 1,2 the
mapping f; = f|D,, ; has a K-quasiconformal extension g, to C with K<
(1 = clISl Dm)“ and ¢ = c(a). In this case f; has a homeomorphic extension to D, ;
which we also denote by f.. If z € T then f|(z) = f(z) = fy(z), and the continuity of
f, and f, implies f,(i) = f,(i) and fi(c0) = f,(0). These two common values will be
denoted f(i) and f(00), respectively.

3. A mapping property of D_. Our next step is to show that a conformal mapping
of D, with sufficiently small Schwarzian norm is fairly rigid. The first part of the
following lemma gives the value of d for Theorem 2 and states that Theorem 1 holds
for D, and d in place of % and 8. The second part gives an estimate we use in
proving f( D) is not a quasidisk when ||S||, < d.

LEMMA 2. There exists d = d(a) € (0, d,] such that whenever f is a conformal
mapping of D, with ||S;||p_ <d, then f(D,) is not a Jordan domain. In fact, if
f; = 1D, ;, then £,(0) = £,(0).

If, moreover, f fixes —1, -3 and oo then
(3.1) |f(0) — f(i)[=1/3
where f(0) denotes the common value of f,(0) and £,(0).

Before proving Lemma 2 we state three propositions that are analogues of
Lemmas 7, 8 and 9 in [4], respectively. We prove only Proposition 3 since the proofs
of the first two propositions are identical to those of the corresponding lemmas.

PROPOSITION 1. For each q > 0 there exists K_I = K(n) € (1, ) such that if g is a
sense-preserving K -quasiconformal mapping of C with g(o0) = oo and if z, and z, are
distinct points in C, then

8(z2) —g(z) z—2z | _

g(z) —g(z,) 21—z
for all z € C with |z — z,|<|z, — z,|. In particular, if g fixes z, and z, then
18(z) = z|<mlz; — 2.

PROPOSITION 2. There exists d, = d,(a) € (0,d,] such that whenever f is a
conformal mapping of D, with ||S;||p_ < d, and f(o0) = oo, then for j = 1,2, f(a;) is
a b-spiral onto f(0) with b € (1,2).

PROPOSITION 3. Given € > 0 there exists d, = ds(a, €) € (0, d,] with the following
property. If f is a conformal mapping of D, with ||S||p_ < dy and if f fixes ~1,1 and
oo, then |f,(0)|< € and | £,(0)|< e.
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PrROOF. Let 7 = min(1/8, ¢/(5 + ¢€)) and choose d; € (0, d,] so that (1 — cd,)™?

< K, where ¢ = ¢(a) and K, = K () are as in the Remark and Proposition 1.

Ifg,isak 4 2-quasnconformal extension of f; to C then g;' ° g, is K,-quasiconfor-
mal in C and fixes each point of T. In particular, g;' ° g, fixes i,3i and co. From
Proposition 1 we obtain, with z, = i and z, = 3,

|g2'(1)—1|—|g2 °g|(1)—1| n<1/4
and hence
1-g'(1) 1
S <n(l—n) <1
g7'(1)
Since g, fixes —1 and oo, another application of Proposition 1, with z;, = -1 and

z, = g5'(1), yields

‘82(1) -1 1-g'(M)|_

| 2 _1 - 821(1) ,
and we conclude that
(3.2) l8:(1) — 1< 2n(1+ (1= %)),
Finally, we consider the mapping
2 - 1)+ 1
h(z) = g,(z) — g,(1) )

g (1) +1

which is K,-quasiconformal in C and fixes —1, 1 and co. Proposition 1 implies
|A(0)|< 27, so by (3.2) and our choice of n we find

|f2(0)| :|82(0)| <5q(1 — "I)_l Se
Similarly, we find | f,(0) |<e.

PROOF OF LEMMA 2. Let d = min(d,(a), d+(a, 1/5)) and suppose f is a conformal
mapping of D with ||S/||, < d. To prove f,(0) = £,(0), one argues in exactly the
same way as in the proof of Theorem 2 in [4], using Propositions 1,2 and 3 in place
of Lemmas 7,8 and 9.

Now suppose d and f are as above and suppose f fixes —1, -3 and oo. Let f(0)
denote the common value of f(0) and f,(0). Choose n as in Proposition 3 with

= 1/5 and let g, denote a K ,(n)'/?-quasiconformal extension of f,. Since g, = f,
on D_oc_z, Proposition 1 implies

fO) —fG) 1 1.
RS ONEIREAE
therefore,

(3.3) 1) = 10> 3 IA() = ().

Because g, fixes -1, -3 and oo, two more applications of Proposition 1 yield
[f()) — i|< 20, |fi(=i) + i|<2n. Then |f,(-i) — f(i)|=2 — 49 > 1, and (3.1) now
follows from (3.3).
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4. Proof of Theorem 2. Let d be as in Lemma 2 and let f be a conformal mapping
of D with ||S/|| , < d. We may assume 9/(D) is a Jordan curve, and we will denote
the homeomorphic extension of f to D by f, as well. We may further assume
f(00) = o0, so that oo € 3f(D). With these assumptions, in order to show df(D) is
not a quasicircle we need only exhibit for each A > 0 three points z,, z,, z; on
0D — {00} such that z, separates z, and z; and such that

(4.1) |f(zz)—f(z3)|>)\|f(z|)—f(z3)|
(see [1]).

Fix A > 0. We will show that for some m, the following triple on 9D satisfies (4.1):
(42) zl = Vm(_Tm)’ ZZ = Vm(i)’ Z3 = Vm(Tm)’

where V"(z) =z + 8m, as before. For this we construct a sequence of con-
formal mappings f,, from the restrictions of f to the V"(D,,). We show that the f,
converge to a mapping of D_ which, by Lemma 2, nearly preserves the ratio
|z, — z4|/|2, — z4|. This fact and the nature of the convergence imply (4.1) for the
triple (4.2) when m is large.

For each m, we choose U,, to be the Mobius transformation such that

fm(z) = Umofo Vm(z)’ zE Dm’

fixes —1, -3 and oo. Then f, is a conformal mapping of D, onto a Jordan domain,
and

(4.3) 17,15, =118/ vl o, =151

Because U, fixes oo and preserves cross-ratios, proving (4.1) for the triple (4.2) is
equivalent to showing

(4.4) (@) = £ 7)1 > Al fu(=7) = £ 7)1

By (4.3), for some fixed K’ and all m, £, | D,, ; has a K’-quasiconformal extension
8m.; to C. The family {g,,,}7-, fixes ~1, -3 and co while the family (8 ° gmi )2,
fixes each point of I'. Thus both families are normal families, and we conclude that
there exists an increasing sequence of integers m(k) such that both {g,,,,)7-, and
{&m(x)2)5=1 converge uniformly in the chordal metric on C to K’-quasiconformal
mappings [5]. The limit mappings will be denoted g, , and g_ ,, respectively. The
mappings f,,, of D, . k) likewise converge uniformly on compact subsets of D
the conformal mapping £, of D satisfying

fool(Doo.jUI‘)zggo,j’ J=172

We claim that f_ satisfies the hypotheses of both parts of Lemma 2. Clearly f,
fixes -1 and -3; moreover, (4.3) implies 1S, Ilp, <d since Sf (z) and pp m(z) !
converge to Sf (z) and p), ( (z)™" as k tends to oo, for z € D [2] Consequently, the
Remark applies to f, and we deduce that f (o0) = oo and that Lemma 2 is

applicable. According to (3.1) we may choose p € (0, 1,/3) so that
(4.5) £ (i) = £(0)] = 1> Ape.

V™D, \“S/”
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Next we appeal to the equicontinuity and uniform convergence of the extensions
Emk).;- We may first choose s € (0, 1) so that for z,w € A with |z — w|<s,

|gm(k),j(z) - gm(k)‘j(w)l < au’/4

for all k and for j = 1,2. We may then choose k large enough so that 7, ,, < s and

Igm(k)._j(z) - goo.j(z)|< n/4, Jj=12,

whenever z € A.
Because g, 4, ; = fu(x) ON D, (4, » (4.4) follows with m = m(k) from (4.5) and the
inclusions

i Tm(k) € A N Dm(k).l’ i*_Tm(k) eAN Dm(k).Z‘

As we noted, (4.4) is equivalent to (4.1) for the triple (4.2). Since A was an arbitrary
positive number, we conclude that the Jordan curve df( D) is not a K-quasicircle for
any K.
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